We provide an alternative proof of Gray's result that, for an odd prime p, there is a non-trivial Z/p-component in the homotopy group π (2p−2)n+1 (S 3 ). As a corollary, it follows that, for n 2, the homotopy groups π n (S 2 ) are non-zero.
In the proof of Theorem 1.1, we cover the gaps in dimensions ≡ 1 mod 8 by showing that, for any odd prime p and n 2, Z/p ⊆ π (2p−2)n+1 (S 3 ).
In particular,
Let π n k denote the 2-component of π k (S n ). According to [5, For the remaining cases of π n (S 3 ) with n ≡ 1, 2 mod 8, notice that the 2-components of π 9 (S 3 ) and π 10 (S 3 ) both vanish, and so it is necessary to fulfil odd primes for having the non-triviality. Indicated from [15, Figure 3.3.18] , one could have the following conjecture:
Conjecture.
1 The 2-component of π n (S 3 ) is non-trivial for n > 10.
After writing this paper, the authors became aware of the result from the paper [7] . The gaps in dimensions ≡ 1 mod 8 have been covered by a result of Gray [7, Theorem 12(e) ] although the result of Theorem 1.1 is not mentioned in [7] . We point out that the method of the present paper for proving Theorem 1.1 is different from that in [7] .
Lambda-algebra and Toda elements
Recall that, for any k 1 and an odd prime p, the homotopy groups π 2(p−1)k+2 (S 3 ) contain non-trivial elements α k (3) called the Toda elements. The elements α k (3) have non-zero stable images in π S 2(p−1)k−1 . We will use the standard notation
There exists a p-local EHP sequence
where 
The following statement seems to be known. For example, there is a discussion of this result at the end of page 535 in [2] . However, we were not able to find an explicit reference to this statement and give here a proof. 
Let p be a fixed odd prime number. The mod-p lambda algebra [p] Λ = Λ is an F palgebra generated by elements λ i of degree 2(p − 1)i − 1 for i 1 and elements μ j of degree 2(p − 1)j for j 0. We will use the following notations for
The ideal of relations in Λ is generated by the following relations:
Further by ν i we denote an element of
The set of admissible monomials is a basis of Λ. The unstable lambda algebra Λ(n) is a dg-subalgebra of Λ generated by admissible elements ν i1 · · · ν i l such that i 1 n. We denote by Λ(n) m the subspace generated by monomials of degree m in Λ(n) and by Λ(n) m,l the vector space generated by monomials of length l in Λ(n) m . Then
Consider the left ideal Λλ = i Λλ i of Λ. The set of all admissible monomials ν i1 · · · ν i l such that ν i l = λ i l forms a basis of Λλ. Further we put
There exists a spectral sequence which converges to the p-primary components of the homotopy groups of spheres, whose E 1 -page is the lambda-algebra and d 1 -differential is the differential in the lambda algebra:
This is an integral version of the well-known lower central series spectral sequence of six authors [3] . This spectral sequence was considered in details in the thesis of Leibowitz [9] . In the language of the lambda-algebra, the elements α k can be presented as (see, for example, [16, 2.9] 
induces a map h p on the level of E 1 -terms of the spectral sequence (see [16, p. 23] , and also [19, 8] ) with the short exact sequence
for any α and h p (μ 2 α) = α ∈ Λ(4p + 1).
Lemma 2.2. The linear map
d 1 : span(μ k 1 λ 2 , {μ k−i 1 μ 2 μ i−1 1 λ 1 } k i=1 ) −→ span({μ k−i 1 λ 1 μ i 1 λ 1 } k i=0 ) is
an isomorphism if and only if k + 2 ≡ 0 (mod p).

Proof. Using the definition of d
1 =: d we get d(λ 1 ) = 0, d(μ 1 ) = −λ 1 μ 0 , d(λ 2 ) = −2λ 2 1 , d(μ 2 ) = −λ 2 μ 0 − 2λ 1 μ 1 + μ 1 λ 1 . Using the relations μ 0 μ 1 = 0 = μ 0 λ 1 and μ 0 λ 2 = −μ 1 λ 1 , μ 0 μ 2 = −μ 1 μ 1 , it is easy to compute that d(μ 2 λ 1 ) = −2λ 1 μ 1 λ 1 + μ 1 λ 2 1 , d(μ 1 λ 2 ) = λ 1 μ 1 λ 1 − 2μ 1 λ 2 1 , d(μ 1 μ 2 λ 1 ) = λ 1 μ 2 1 λ 1 − 2μ 1 λ 1 μ 1 λ 1 + μ 2 1 λ 2 1 . Moreover, we obtain d(μ 1 )μ 1 = 0 and d(μ 1 )λ 1 = 0. It follows that d(μ k 1 λ 2 ) = μ k−1 1 d(μ 1 λ 2 ) = μ k−1 1 λ 1 μ 1 λ 1 − 2μ k 1 λ 2 1 , d(μ k−1 1 μ 2 λ 1 ) = μ k−2 1 d(μ 1 μ 2 λ 1 ) = μ k−2 1 λ 1 μ 2 1 λ 1 − 2μ k−1 1 λ 1 μ 1 λ 1 + μ k 1 λ 2 1 , d(μ k−i−1 1 μ 2 μ i 1 λ 1 ) = μ k−i−2 1 d(μ 1 )μ 2 μ i 1 λ 1 + μ k−i−1 1 d(μ 2 )μ i 1 λ 1 = μ k−i−2 1 λ 1 μ i+2 1 λ 1 − 2μ k−i−1 1 λ 1 μ i+1 1 λ 1 + μ k−i 1 λ 1 μ i 1 λ 1 , for 1 i k − 2 and d(μ 2 μ k−1 1 λ 1 ) = d(μ 2 )μ k−1 1 λ 1 = −2λ 1 μ k 1 λ 1 + μ 1 λ 1 μ k−1 1 λ 1 .
If we denote v
The matrix corresponding to this linear map is the following matrix:
It is easy to check by induction that its determinant is equal to (−1) 
Proof of Theorem 1.1
For the proof of Theorem 1.1, we will use the following classical results.
(2) Let p > 2. By the classical work of Cohen, Moore and Neisendorfer [4] , there exists a map π : Ω 2 S 2n+1 → S 2n−1 such that the composite
is homotopic to the p-th power map p :
, where the case p = 3 is given in [14, Theorem 4.1] . Following the notation in [4] , let D(n) be the homotopy fibre of π : Ω 2 S 2n+1 → S 2n−1 . According to [4, Section 6] , D(p) Ω 2 S 3 3 and so there is a fibre sequence
that implies a long exact sequence
with the property that, for every i, the composition
is the multiplication by p. , the homotopy fibre of the double suspension map S 2m−1 → Ω 2 S 2m+1 . We will use the notation from [17] . The natural map Q 2m−1 2 → S 2m−1 induces the map on homotopy groups p * . There is a natural map
such that the composition
is the Hopf map H p . For a given k ≡ 1 mod p, consider the element
, hence its stable image is p-divisible. But this is not possible by (1) . We conclude that
by the long exact sequence in (2), and so As a final remark we observe that homotopy groups of S 2 in certain dimension ≡ 1 mod 8 can be covered in another way. For that, we recall the results from [17, 13] .
